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The sooner you fall behind the more time you have to catch up. 



— Anonymous 



Calculating E from Gauss's law 

In a few cases the charge distribution has sufficient geometric symmetry that one can 
use Gauss's law to calculate the E-field. The trick is to choose the closed "Gaussian 
surface" through which the flux is calculated so as to exploit the symmetry, making 
E ■ dA simple enough to allow £ to be taken outside the integral. The total flux then 
becomes a simple product of £ and a surface area. We examine two such cases in detail. 

Spherical symmetry. In this case there is a point, called the "center of symmetry" about 
which the physical situation is the same in all directions. This is a very important case, 
because isolated atoms are spherically symmetric. 

If a charge distribution is spherically symmetric its volume charge density p depends 

only on the distance from the center of symmetry, but not on the direction. The E-field 
produced by this charge must reflect the symmetry: its direction is radial relative to the 
center of symmetry — outward for positive net charge, inward for negative net charge 
— and its magnitude must depend only on the distance from that center. 

To find the field at distance r we take as our Gaussian surface a sphere of radius r about 
the center of symmetry. Then E ■ dA = E^dA, where £^ is the outward radial component 

of the field; it is positive if the field lines go outward through the surface, negative if they 
go inward. By the symmetry has the same value at all points on the spherical surface, 

so for the integral it is a constant, and the total flux becomes 



On the other side of Gauss's law we have 4;rfc times the net amount of charge inside the 
sphere of radius r. Call this amount of charge Q(r). Then from Gauss's law 
£y ■ 4:nr^ = Ank ■ Q{r) , or 




£,(r) = fc 



Q(r) 



If Q(r) is negative, then is negative, showing that E is directed inward. 
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This simple formula gives the E-field for any situation of spherical symmetry. 

Note that the formula has exactly the same form as that for the E-field of a point charge 
of amount Q(r) placed at the center of the distribution. For spherically symmetric 
situations we have a very simple general result: 

The E-field at distance r from the center of a spherically symmetric distribution is the 
same as that of a point charge located at the center, with charge Q(r) equal to the 
total charge contained in a sphere of radius r about the center. 

If the field point is outside the entire charge distribution, then Q(r) will be simply the total 
charge of the distribution. This means that the E-field outside any spherical charge 
distribution is that of a point charge equal to the total charge, located at the center. 

These conclusions allow for calculation of the E-field for any spherically symmetric 
charge distribution. The difficulty in some cases lies in finding the charge Q(r). 

Plane symmetry. In cases where the charge is spread uniformly over a large flat surface, 
one can approximate the surface by an infinite plane and again use symmetry 
arguments. Any point on an infinite plane can be taken as its center, so there is no 
distinction among different directions parallel to the surface. Any non-zero component 
of E parallel to the surface would violate this symmetry, so E must be entirely 
perpendicular to the surface. 

To apply Gauss's law we construct a "pillbox" cylindrical Gaussian surface, with sides 
perpendicular to the charged plane. E is parallel to the curved sides of the pillbox (thus 
perpendicular to dA) so there is no flux through those sides. At the ends E and dA are 
parallel or antiparallel, depending on the sign of the charge on the sheet. 

Consider as an example an infinite sheet uniformly charged with positive area density 
a . The pillbox surface is as shown: 



1^ 



A 



dA 



E is directed away from the sheet both above and below, so at both the top and the 
bottom of the pillbox B-dA = EdA.E is also constant across those surfaces. The total flux 
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is thus 2AE. The charge enclosed is a A . Gauss's law then gives 2AE = 47ifcoA, or 
E = Inko = (j / Isn. 



This is the formula we found earlier by direct integration, but this method is obviously much simpler. 

Besides the cases of spherical and plane symmetry, one can use Gauss's law in cases of 
axial symmetry where rotation about some straight line makes no change in the 
physical situation. An example is a uniform straight line distribution of charge, such as 
a charged straight nylon thread. The appropriate Gaussian surface is a circular cylinder 
with axis along the symmetry axis. This is worked out in the assignments. 



Force and torque on a dipole 



One might think that an object of zero total charge placed in an electric field would 
show no electric effects, but this is not necessarily true. Ordinary neutral matter 
contains particles of both signs of the charge (electrons and protons) in atoms and 
molecules, and these can give rise to electric dipole moments. Interaction of these 
moments with an external E-field is very important in practice because it represents the 
main effect an external E-field has on uncharged matter. 

We consider a very small dipole in an external E-field. Its dipole moment p m+q 
makes angle with the direction of the field as shown. The field exerts 



a force on +q parallel to E, and it exerts a force on -q opposite to E. 
These tend to cancel. If E is the same at the location of both charges, the 
forces will cancel exactly, and there will be no net force on the dipole. This shows that: 

There is no net force on an electric dipole in a uniform E-field. 

But if the dipole moment p is not along the line of E then these two forces do not act 
along the same line, so they create a torque about the dipole's CM. It is relatively easy to 
show that this torque is given by 



Torque on an electric dipole 



T = pxE 



This torque twists the dipole toward alignment with E. If p is already parallel to E, the 
torque is zero and we have stable rotational equilibrium. (For p anti-parallel to E the 
equilibrium is unstable.) 

Even if a neutral object has (on average) no dipole moments in it before it was placed in 
the field, the field will often "induce" dipole moments. The forces exerted by the field 
on the positive atomic nuclei and the negative atomic electrons are in opposite 
directions. These forces cause a small displacement of these charges from their 
equilibrium arrangement, creating dipoles which are automatically aligned with the 
field. 

The energy associated with these processes is very important, and will be discussed later 
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If the E-field is not uniform, there can also a net force on the dipole, because the forces on 
the positive and negative charges of the dipole might not cancel. Suppose that p is 
aligned along E — as it would be for an induced dipole moment, or if the torque has 
already aligned a permanent dipole with the field. Then the net force is toward the 
region where E has larger magnitude. On the other hand, if for some reason the dipole 
were aligned opposite to the field, the force would be in the other direction. 

In a non-uniform E-field, the force on a dipole aligned with the field is toward the 
region where E is stronger, and if the dipole is aligned opposite to the field the force 
is away from that region. 

It is this force that causes small bits of matter to be attracted toward "electrified" objects, the very first 
electrical phenomenon discovered by the ancients. This is a case (there are many others) where the first 
phenomenon discovered in a field of science is far from the easiest to explain. 

Conductors in electrostatics 

It was found in the 18th century that some materials, notably metals, "conduct" 
electrification (charge) from one place to another, while other materials keep it in place. 
The former we call conductors, the latter non-conductors. We now know that all 
materials are made of atoms containing charged particles, among which are electrons. In 
some materials the binding for one or more electrons per atom is weak enough that 
when the atoms come close together (as they do in a solid) some of the electrons become 
free to move about within the material. It is these "conduction" electrons that carry 
electric effects through the material, making the material a conductor. Materials having 
very few or no conduction electrons are non-conductors (also called insulators, or 
dielectrics). The distinction is not totally sharp: except for some materials at low 
temperatures no material is a perfect conductor, and for very high applied E-fields 
insulators can become conductors. 

In a good conductor even a very feeble applied E-field within the material or parallel to 
its surface will cause the conduction electrons to move. This means that if the charges in 
a conductor are known to be at rest (as in electrostatics) there must be no E-field either 
within it or along its surface. 

There can be a field perpendicular to the surface, since electrons are not free to leave the surface; usually 
it takes a strong E-field perpendicular to the surface to pull them free. 

When a conductor is brought into a region where there is already an external E-field 
due to other charges, at first the conduction electrons move about rapidly until the total 
field — the external field plus the one created by the redistributed charges on the 
conductor itself — is zero within the conductor and has no component parallel to its 
surface. The charges then return to rest, bringing the system into electrostatic 
equilibrium. The "relaxation time" for this equilibrium to be established is usually 
quite short, a few ms or less. 



PHY 54 



4 



Electrostatics 2 



Using Gauss's law one can prove two important facts about electrostatic equilibrium: 

• If there is any nonzero net charge density on a conductor, it must reside entirely on 
the surface. 

• Any such surface charge density at a point is proportional to the E-field at that point. 
The following table summarizes all these properties: 





• E is zero within the conductor. 




• E has no component parallel to the 




surface. 


Properties of conductors in 


• Any net charge resides on the surface. 


electrostatics 


• If there is charge on the surface, its 




surface density is related to the 




outward normal component of E at 




the surface by E„ = 4nka = a / Eq. 



Electrostatic Potential 



To each conservative force corresponds a potential energy, a scalar field that represents 
the force in considerations of energy. The Coulomb force is conservative, so there is a 
potential energy representing the electrostatic interaction. 

Just as we found it convenient to introduce E, a vector field representing the electric 
force per unit charge at a point in space, it is convenient to introduce a corresponding 
scalar field V, called electrostatic potential, representing the electrostatic potential 
energy per unit charge at a point in space. The defining connection is this: 

Moving a point charge q from a point in space where the potential (due to other 
charges) is to a point where it is V2 increases the electrostatic potential energy of 

the system by the amount AJi = qiy2 - Vi)- 
In terms of the E-field, V is given by 



Electrostatic potential 



y(2)-y(i) = -j'E. 



dr 



Here 1 and 2 represent points in space, and the integral is the same type of line integral 
introduced to define the work done by a force. 

In SI units potential is measured in volts (V), where 1 V = 1 J/C. 

The strength of an E-field is usually given in V/m instead of N/C. 
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Like potential energy, potential is ambiguous in that only the difference between its 
values at two separate points is uniquely defined. The actual value at any point 
depends on the (arbitrary) choice of where the potential is zero. In dealing with objects 
near the earth, one frequently chooses the earth itself to have potential zero. In cases 
where the charges are confined to a finite region of space, one usually chooses the 
potential to be zero at infinite distance from all the charges. 

Equipotentials and conductors 

For charges at rest, E is zero within a conductor and at the surface either zero or 
perpendicular to the surface. If we calculate the difference V{2)-V{1) between two 

points in or on the surface of a conductor, we see from the definition that it is zero. 

All points in a conductor in electrostatic equilibrium are at the same potential. 

Regions consisting of points at the same potential are called equipotential regions. For 
charges at rest, the space occupied by a conductor is necessarily an equipotential region. 

As we follow a line of the E-field (E || ) we see from the definition that the potential 

decreases, so we have a useful rule: 

The potential decreases as one moves in the direction of the E-field. 

This means that as one moves away from positive charges (or toward negative charges) 
the potential decreases, while as one moves toward positive charges (or away from 
negative charges) the potential increases. 

Calculating V for given sources 

For a given distribution of charges, there are two approaches to calculation of V: 

• Find E (perhaps using Gauss's law) and use its relation to V, given above. 

• Use superposition: decompose the distribution into a set of point charges and add 
the contributions of these to the potential. 

To use the second approach we need to know the potential of a single point charge. For 
simplicity we assume the point charge is at the coordinate origin. Then its E-field is 



E(r) = 




From the relation between V and E, we find (using the fact that r dr = dr): 




PHY 54 



6 



Electrostatics 2 



This gives us a simple result: 




To get this formula with no additive constant we have chosen V=0 at infinite distance. This is the usual 
choice when dealing with charge distributions confined to a finite region of space. 

To find the potential of a system of point charges we add their contributions: 

Here is the distance (a positive number) from the ith charge to the field point P. 

If the charge distribution is continuous, we treat infinitesimal bits dq like point charges, 
and the sum becomes an integral: 

• dq 
r 



V{P) = k{^. 

J V 



Both of these formulas are useful in solving problems. 

It is sometimes easier to calculate V (because it is a scalar field) than E, so one might 
choose to find V first and then obtains E by the method described below 

Potential of an electric dipole 

As an example, we will find the potential field for an electric dipole. 
In the case shown the dipole has length d and lies along the x axis, ^ 
centered at the origin. The field point P is chosen to lie in the x-y plane. 
(Because of the axial symmetry, the potential will be the same at all 
points on a circle around the x-axis and passing through P.) ^ 

We denote the distances from the two charges to point P by 




r^ = ^{x-dl if + 
r_ = ^]{x + d/ if + 



In terms of these the total potential at P is 

y(x, y) = kq 



r r 



This is the exact answer. If r » d, we obtain from the binomial theorem: 



V^kqd^ = k^ 
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(The last formula gives the answer in a form independent of the coordinate system.) 

Note that V falls off with distance as the inverse square. This is a general property of the 
dipole potential. 

The components of E can be obtained from V by the procedure given next. 
Calculating E from V 

Since V is obtained by integrating E, it is to be expected that E can be obtained by 
differentiating V. This is indeed the case. But E is a vector, with three components, so 
there are three derivatives to calculate. In addition, V will generally depend on the three 
variables {x,\j,z) specifying the location of field point. The formula relating these fields is 

.dV .dV , dV 
1 — + j — + k — 

dx dy dz 

The derivatives here are partial derivatives, in which all other variables are treated as constants. 

The quantity in [ ] is called the gradient of V; one says that the electrostatic field E is the 
negative of the gradient of the potential field V. 

In the simple case where V depends only on one variable, say x, the gradient becomes 
an ordinary derivative: 

= -dV I dx . 



V and E for a spherical shell 



Spherically symmetric charge distributions are important in practice, and relatively 
simple to analyze. We will treat as an example the case of a thin spherical shell, 
uniformly charged. Any spherically symmetric distribution can be considered to be the 
superposition of such shells, like layers of an onion. 

In the case shown the shell has radius R and total charge Q 
distributed uniformly over its surface. We ask for V and E at 
points both outside and inside the shell. 

Using our general result from Gauss's law for spherical 
symmetry, we find that E is radially outward (for positive 
Q) with radial component 




for r > R 



f or r < R 
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Note that inside the shell E is zero. (This would not be true is the shell were not 
spherical, or the charge were not uniformly distributed over the surface.) 

This is like a similar property for the gravitational field g of a spherical shell of mass. 
We find V by integrating (assuming V = at infinite distances): 



Inside the shell V is constant, but not zero. (It is zero only at infinite distance.) 
These formulas are useful for many applications. 

Electrostatic potential energy of a system 

If the interaction forces among particles in a system are conservative, we ascribe to the 
system a potential energy. This energy is a property of the system as a whole, not of any 
individual particle. When we take a charge q, originally at infinite distance, and place it 
at a point where the potential (due to other charges) is V we increase the potential 
energy of the whole system by qV. This additional potential energy is (by definition) the 
negative of the work done by the conservative Coulomb interaction forces as the new 
charge is moved to its location. 

Consider the simplest such system, of two point charges: q-^ is at point and q2 is at 
point r2 . We imagine assembling this system in steps: 

• Start with both charges infinitely far away. Choose the potential energy in this 
configuration to be zero (the usual choice). 

• Bring in q-^ and place it at . The interaction force is zero because the separation of 
the charges is still infinite, so no work is done. The potential energy is still zero. 

• Now bring in ^2 ^rid place it at r2 . The work done by the interaction force is equal 
to -q2^2 ' where is the potential at r2 due to the presence of q-^ ■ Thus the 
potential energy becomes: 



Of course we could put q2 in place first and then bring in q^ . As the expression shows, 
the result in terms of potential energy would be the same. (Interchanging the labels 1 



kQ 



f or r > R 




I R 



U = qA^^ = kr^A_ 
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and 2 leaves U unchanged.) But in that case we would have written it as U = q-^V-^ , 
where is the potential at due to q2 ■ 

To emphasize this symmetry, we can also write 

This indicates how to generalize to a system of more than two charges: 



Electrostatic potential energy of a 
system of point charges 



Here is the potential at the location of the z'th charge due to all the other charges. 

For a system of point charges, an alternative (and often simpler) way to calculate U is to calculate it for 
each pair and add the results. Care must be taken to count a given pair exactly once. 

The sign of the potential energy indicates whether the system is bound or unbound. 

• If the total potential energy is positive, it requires external forces to hold the charges 
in place at rest. If those external forces were removed, the Coulomb forces would 
push the charges away from each other. The system is unbound. 

• On the other hand, if the total potential energy is negative, the charges attract each 
other and it requires external forces to keep them apart. The system is bound. 

We are talking here about charges at rest, with no kinetic energy. In dynamic systems with moving parts 
the question of bound or unbound is determined by the sign of the total energy. 

For a system of point charges interacting only through their mutual Coulomb forces, 
there is no stable static equilibrium, regardless of the sign of the total energy. For a 
particular charge there may be a point at which the total force from the others is zero, 
but a slight displacement of that charge in some direction will result in a net force away 
from the point, not back toward it, so the system will fall apart. This fact, which one 
proves by examining the potential energy function, is called Earnshaw's theorem. 



PHY 54 



10 



Electrostatics 2 



